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1 Introduction 

The spectrum cr(A) is the most important invariant of a linear operator A on a Banach space X. 
It is a closed set of complex numbers and is invariant under similarity of operators. However it is, 
in some sense, a very weak invariant since, e.g., <r(A) = {0} does not imply A = 0. 

Already in 1918, O. Toeplitz m and F. Hausdorff m introduced a stronger invariant for A acting 
on the finite dimensional space X = C" with Euclidean norm || • || induced by the standard inner 
product < v > as 

W{A) \= {< Ax,x >: x e X, ||a;|| = 1), 

calling it Wertevorrat einer Bilinearform, later numerical range of A. This set is invariant only 
under unitary equivalence and has some very nice properties such as 

(1) W{A) contains er(A), 

(2) W(A) is closed, 

(3) W(A) is convex, 

(4) W(A) = {0} if and only if A = 0. 

In the following, M. H. Stone m extended this concept to bounded operators on arbitrary Hilbert 
spaces by the same formula. This numerical range remains a unitary invariant, but loses properties 
(1) and (2) while (3) and (4) still hold. 

Later, J. R. Giles and G. Joseph [Sj generalized the numerical range to unbounded operators on 
Hilbert spaces. In this case one loses the properties (1) and (2) in an even more drastic way, see 

0) and jj. 
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Due to the lack of an inner product, it was not so immediate how to define a numerical range 
for operators on Banach spaces. This was achieved by Lumer in 1961 HU and Bauer in 1962 pQ. 
However, by this generalization one loses all the properties (1), (2), and (3), while the numerical 
range remains an isometric invariant. 

Our goal in this paper is twofold. First, we modify the definition of the numerical range in order 
to obtain a set of complex numbers, called numerical spectrum of a linear operator on a Banach 
space, being an isometric invariant and satisfying all the properties (1),(2),(3) and (4). 

Second, we show how this set characterizes semigroups (T(t)) t > 0 satisfying an estimate of the form 
||T(t)|| < Me tu for t > 0 for some uj € R. but with M = 1. 

Such quasi-contractive semigroups (more precisely, w-contractive) are important in many applica¬ 
tions, e.g., in order to obtain stability in the Trotter product formula (see (71 Cor. III.5.8]). 

We now recall here the basic tools for our approach. For an operator A with domain D(A) on 
a Banach space and some fixed 9 e [0,27r), we consider the “rotated” operator Ag := with 

D(Ag) = D(A). If this rotated operator Ag generates a Co-semigroup, we denote it by (Tg(t)) t > o- 
Analogously, for wtRwe rotate the half plane := {A e C : Re A > w}, by an angle of 9 and 
obtain the rotated half plane as 

H 9yU1 := e ie ■ C u = {e l9 ■ A : Re A > uj}. 

We define the distance between A e Hg yU and p 6 dHg u as 

d( A, dHg^) := inf{|A - p\ : p e dHg^}. 

Combining the Hille-Yosida Theorem (jTj Theorem II.3.5]) with the Lumer-Phillips Theorem (|7j 
Theorem II.3.15] we obtain a series of equivalences. 

Theorem 1.1. For a closed and densely defined operator (A, D(A)) on a Banach space X and 
some 9 e [0,27r), uj € R, the following statements are equivalent. 

(1) (Ag, D(Ag)) generates an uj- contractive Co-semigroup (Tg(t)) t > o- 

(2) e ie (uj, +oo) c p(A) and \R(e ie X, A)|| < -A— for all A > uj. 

(3) Hg iU £ p(A) and ||1?(A, A)|| < d ^ x J Hg ^ for all A e H g ^. 

(4) ||(e* e A - A)a;|| > (A - w)||a;|| for all A > uj, x e D(A), and (e ld X - A) is surjective for some 
(hence all) A > uj. 

(5) For each x e D(A ) there exists j(x) e 3(x) Q such that 

Re e~ l6 (Ax,j(x)) < w||a;|| 1 2 

and (e lS X - A) is surjective for some (hence all) X > uj. 


2 The numerical spectrum 

We now use the characterizations of Theorem 11.11 in order to define first the numerical resolvent 
set and then the numerical spectrum of a given operator. 

Definition 2.1. Let (A, D(A)) be a closed and densely defined operator on a Banach space X. 
Then the numerical resolvent set of A is 


p n (A):=\J{He tU : He iU 9p(A) is an open half plane such that 

1 


The complementary set 


is called the numerical spectrum of A. 


|| J R(A,A)||< 


<r n (A) := C \p n (A) 


d(X,dHg yU ) 


VA eHg tU j. 


1 For every x e X , the duality set 3(#) is defined as 

30 : = DO e x' ■ (x,j(x)) = \\x\\ 2 = IliOII 2 }, see □> P- 87. 
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Remark 2.2. (1) As a first observation we note that the open half plane Hg tlv in the above 

definition belongs to p n (A). Therefore, p n (A) is empty or a union of open half planes, 
hence open, while a n (A) is C or an intersection of the closed half planes C \Hg :UJ , hence 
closed and convex. In particular, the numerical spectrum a n (A) is never empty. 

(2) Using the statements (1) and (3) of Theorem \l.l\ we see that A e p n (A ) if and only if there 
exists such that A e Hg u and Ag generates an u>-contractive Co-semigroup. Therefore, 

p n (A), and hence a n (A), is characterized by a generator property of the rotated operators 
Ag. 


The numerical spectrum cr n (A) is closely related to the spectrum and the so-called numerical 
range of A. Before discussing this relationship, we state some simple properties of the numerical 
spectrum. 

Proposition 2.3. Let (A, D(A)) be a closed and densely defined operator on a Banach space X. 
Then we have the following. 

(1) a n (A) is closed and convex. 


(2) a n (aA + /?) = aa n (A) + (3 for all complex numbers a and 0 


(3) a n (A) = cr n (U X AU) for all isometric isomorphisms U on X. 


Proof. (1) This has been noted in Remark 2.2 (1). 


(2) We show p n (aA + (3) = ap n (A ) + j3. If a = 0, the assertion is clear. 

2: If a f 0 take A e {ap n {A) + /?), or o _1 (A — /3) e p n (A). Then there exists an open half 
plane Hg^ such that a -1 (A — /3) e Hg jU £ p{A) and 


||R(a- 1 (A-/3),A)||< 


1 

d(a _1 (A - 0), dHg tU ) 


Therefore, 

M uA + 0)|| = ||J?(a- 1 (A - 13), A)\\ < - 1 

d(a 1 (X- 0),dHg tU ) 


Since 


we obtain 


d{a~ 1 {X-j3),dHg^) |a _1 |d(A ,adHg >u + /3) d(X,adHg }U1 + /?)’ 


\\R(X,aA + (3)\\< 


1 

d(X,adHg >u + f3) 


Since A e ( aHg^ + j3) £ p(aA + (3 ), it follows that A e p n (aA + (3). 

£: Let a f 0 and A e p n (aA + 0). Then there exists an open half plane Hg >u such that 

A 6 Hg tUJ £ p(aA + 0)= ap(A) + 0 and ||R(A, aA + /3)|| < d{X Q Hg ^y 

Hence, 

, > \\R(X, aA + 0)\\ = IW 1 ! • \\R(a-\X - (3), A) ||. 

From 


d(X,dHg tU ) = inf{|A-z|: z e dHg^} 

= inf{| a [a -1 (A - f3) - oT 1 (z-0)] \: z e dH e ^,a,f3 e C} 
= \a\-d(a-\X-l3),a-\dHg !U -fi)) 

we obtain the equality 

1 1 


Thus 


d( A, OHg >u ) |a| • d{a-\X - 0),or 1 (dHg iU - 0 ))' 

]|R(a- 1 (A-/3),A)||< 1 


d(a~ 1 (X - 0), a- 1 (dH e>u - 0)) ’ 


and hence A e ( ap n (A ) + (3). 
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(3) The claim follows since p(U 1 AU ) = p(A ) and 


||i?(A,C/- 1 AC/)|| = \\Lf~ 1 R(X, A)U\\ = ||R(A,H)||. 

We now show that cr(A) £ a n (A). Moreover, if A is bounded, then a n (A) is compact. 


0 


Proposition 2.4. For every closed and densely defined operator (A, D(A)) on a Banach space 
X , we have the following assertions. 

(1) a(A) £ a n (A). 

(2) If A is a bounded operator, then cr n (A) £ {A s C : |A| < |]H|]}. 


Proof. (1) By Definition 2.1 it is clear that p n (A) £ p(A), hence cr(A) £ a n (A). 

(2) Since As is a bounded operator on X with |]Ae]| = |]H|| for all 9 e [0,27r), we have 

oo ^.n 


PH*)II = 


I 

n =0 


n\ 


oo j.n 

i £ - 

n =0 


= e t||A|1 . 


Thus for each 9 € [0,27r), Ag generates a ||H||-contr active semigroup. The assertion now 
follows from Remark 

The following theorem relates our numerical spectrum of an operator (A, D(A)) to the numerical 
range defined as 

W{A) := {(Ax,j(x)) ■ x e D(A),||a:|| = 1 ,j(x) efj(a;)}, 

and studied, e.g., in 0 , 0 . Here, and in the sequel, coM denotes the closure of the convex hull 
of the set M. 


2.2 ( 2 ). 


□ 


Theorem 2.5. Let (A, D(A)) be a closed and densely defined operator on a Banach space X. 
Then we have 

a n (A) =cd{(Ax,j(x)) : x e D(A),\\x\\ = 1 ,j(x) e 3(x)} u a r {A) Q 
Proof. 2 : Since a n (A) is closed and convex, it suffices to take 

A e {(Ax,j(x)) ■■ x € D(A),\\x\\ = 1 ,j(x) s 3(x)} u a r (A). 

If A 6 a r (A ), then A 6 a n (A), since cr r (A) £ a(A ) £ a n (A). If A = (Ax,j(x)) for some x 6 

D ( A )A\ X W = e3(x). 

Let cr n (A) £ Hg }U1 be a closed half plane. It follows that e~ ie A-uj is the generator of a contractive 
Co-semigroup. Hence 

Re e~ t8 (Ax,j(x)} < lo for all x € D(A), ||x|| = 1 , j(x) e 3(x). 


Now 

Re e~ ze \ = Re e~ ie (Ax,j(x)) < to. 

Therefore A e cr n (A). 

£: Take A £ cd{(Ax,j(x )} : x e D(A), ||x|| = 1, j(x) e 3(x)} and A £ cr r (A). There exists an open 
half plane Hg u such that A e Hg u and 

{(Ax,j(x)): x e D(A), ||x|| = 1 ,j(x) e^(x)} c C \H e , u . 


Rotating yields 


Re (e 18 Ax, j(x)) < ui for all x € D(A), ||x|| = 1, j(x) e 3(x), 


i.e., e 18 A -lo is dissipative. Since A £ cr r (A), then e 18 X - lo £ a r (Ag - lo) and Ag is surjective for 
some (hence all) A > lo. By Theorem Ag is the generator of an w-contraction semigroup and 
by Remark 2.2 (2) one has A e p n (A). □ 


1 We call a r (A) := (A e C : rg(\ - A) is not dense in X} the residual spectrum of A. It coincides with the point 
spectrum rj p (A ’) of the adjoint A! of A, see [7j Prop. IV. 1.12], 
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Remark 2.6. Combining the above theorem with Proposition \2.3^ 1 ) it follows that the union 
co{(Ax,j(x)) : x 6 D(A), ||x|| = 1 ,j(x) e d(x)} u a r (A) 
is automatically a closed and convex set. 

We now list some cases in which a n (A) takes a simpler form. For example, for a bounded operator 
A we do not need a r (A) in the above characterization of a n (A). 

Corollary 2.7. For a bounded operator A on a Banach space X, we have 


a n (A) = co{(Ax,j(x )}: x 6 X, ||x|| = 1 ,j(x) e3(x)}. 


Proof. 2: This inclusion follows from Theorem |2.5| 

£: If A £ cd{(Ax,j{x )) : j{x) e $(x),x e X, ||x|| = 1}, there exists an open half plane Hg tU1 £ C with 
co{(Ax,j(x)) : j(x) e $(x),x € X, ||x|| = 1} c C\H g ^ and A e H gi I . By Theorem |1.1| we have that 
e~ l9 A generates an w-contractive Co-semigroup and Remark 2.2 (2) implies A e p n (A). □ 


For bounded operators on a Hilbert space H we do not need to take the convex hull since convexity 
follows automatically. 


with scalar product 


Corollary 2.8. If A is a bounded operator on a Hilbert space 
< >h, then we have 

a n (A) = W(A ), 

where W(A) is the numerical range of A. 

Proof. In a Hilbert space one has J(x) = {x}, see [3 II.3.26.(iii)]. Moreover, the set 

{< Ax,x >h : x e H, ||x|| = 1} is always convex by Theorem 1.1-2 in |I]J] or Theorem (Toeplitz- 

Hausdorff) in [3]. □ 

Remark 2.9. In Section 5.4 we give some examples illustrating cases in which the residual spec¬ 
trum oy(A) contributes to a n (A). 

The numerical spectrum, unlike the spectrum, characterizes various properties of the operator 
(A,D(A)). 

Proposition 2.10. Let (A, D(A)) be a closed, densely defined operator on a Banach space X. 
Then we have the following assertions. 

(1) A is bounded if and only if a n (A) is compact. 

(2) A = 0 if and only if a n (A) = {0}. 

Proof. (1) =>: By Proposition 2.4 and Remark |2.2| the claim is clear. 

If cr n (A ) is compact, there exists a ball B r ( 0) with center 0 and radius r eR such that 
(7 n (H) £ B r ( 0). Then cr n (A) is contained in the strip 

n.j.,. := {A e C : -r < Re A < r}. 

By Proposition 2.12 4 below, A generates a group. Moreover there exists a sector + 2 ^] 


such that er n (A) c + z. Again by Proposition 2.12 3 below, A generates an analytic 


semigroup. Consequently, A generates an analytic group and therefore 

X = T{t)X c D(A) for all t > 0. 


Hence D{A) = X and A € C(X). 

(2) =>: If A is zero, then it is clear that a n (A) = {0}. 

If a n (A) = {0}, then A is a bounded operator on X by assertion (1). Therefore T(z) = e zA 
is a holomorphic function on C. Since ||T(z)|] < 1 for all z € C, by Liouville’s theorem we 
obtain that T(z) is constant for all z € C. Hence T(t) = Id for all t > 0. Thus, we obtain 
A = 0. n 

Wor 0 < S < ^ and B e [0, 2 tt), z e C we define E® + z := {z + e _I ® A e C : |argA| < <5}. 
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Since each closed, convex set 0 f SI c C is the intersection of closed half planes containing fi, we 
obtain the following simple classification of Q depending on the number of half planes needed for 
this inclusion. 

Lemma 2.11. Each closed, convex subset 0 ^ £ C belongs to (at least) one of the following 

classes: 

(1) n = c, 

(2) Q is a half plane C\Hg tUJ = {e lS A : Re A < w) for some w e R and 9 e [0,27 t). 

(3) is contained in a sector Y, s s + z '■= {z + e~ l6 A e C : |argA| < 5} for some 0 < S < ^ and 
9 e [0,2tt), zeC. 

(4) il is contained in a strip II® 1 W2 := { e~ l6 A 6 C : wi < Re A < w 2 } for ui± < UJ 2 6 K and 9 6 [0,27r). 

(5) fl is compact. 

Since the numerical spectrum a n (/ 1) is closed and convex, it belongs to (at least) one of the classes 

(1),..., (5). This allows the following (not disjoint) classification of the operator ( A,D(A )) with 
respect to generator properties. 

Proposition 2.12. Every closed, densely defined operator A on a Banach space X satisfies (at 
least) one of the following conditions. 

(1) ct„(j4) = C, i.e., there is no (9,to) e [0,27r) x R such that Ag generates an u>-contractive 
semigroup. 

(2) a n (A) £ C\Hg tU , *.e., there exists 9 e [0,2-7r) and w e R such that Ag generates an ui- 
contractive semigroup. 

(3) o’n(A) c + z, i.e., there exists 9 e [0,2-7 t) and u € R such that Ag generates an analytic 
u!-contractive semigroup. 

(4) a n (A) c nf, , i.e., there exists 9 e [0,27 t) and u>i < UJ 2 6 R such that Ag generates a 
u> 2 ~contractive semigroup and - Ag generates a -coi-contractive semigroup. 

(5) cr n (A ) is contained in a compact set, i.e., A generates a norm continuous semigroup. 

As a special case of (4) we remark that Ag generates an isometric group if and only if a n (A) £ *R. 



(a) 
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(a) a n (A) g n; 


(b) cr n (A) is compact 


e 

CJi ,u)2 


Figure 1: a n (A) is contained in different sets determined by few half planes 


3 Numerical growth bound, numerical spectral bound and 
numerical radius 


We now introduce constants related to the numerical spectrum cr n (A) analogously to the growth 
bound ojq(A) and spectral bound s(A) of a generator (A,D(A)) (see [7] Def. 1.5.6] and [7] 
Def. IV.2.1]). 

Definition 3.1. Let {A, D(A)) be a closed and densely defined operator on a Banach space X. For 
9 € [0,27 t) we consider Ag := e~ l6 A and, in case it exists, the corresponding semigroup {Tg{t)) t > o- 
Then we call 

J n {A) := infjw e R : ||T e (f)|| < e tuJ for all t > 0} 

the numerical growth bound of A corresponding to the angle 9 e [0,27 t), where we set 
inf 0 := +oo. 


Proposition 3.2. (1) In contrast to the growth bound, the numerical bound, 

if not +oo, is attained, i.e., for each 9 6 [0,27t) we have 

u>n(A) = minjoj e R. : ||Tg(t)|| < e 4 “ for allt > 0} 

and therefore ||Te(t)|| < e tUn ^ for all t> 0. 

(2) If Ag generates the semigroup {Tg{t)) t > o, then ijj^{A) > uio(Ag) and 

-oo < u>n{A) < +oo. 

Proof. (1) Let (w m ) m6 N be a monotone sequence with w m \ w® (A) as m -* oo for some fixed 9. 
Then we have 

||Te(f)|| < e tulm for all m 6 N,f > 0. 

Hence 

e- tul ^ A) \\Tg(t)\\ < e - tu ^ A) e tUm for all to € N,t > 0, 
or 

e -‘“®(^)||j’ e (t)|| < inf e ‘("m-«®(A)) for all t > 

me N 

and thus 

\\T 0 {t)\\<e tu,e ^ A) for all t > 0. 


(2) It is clear by defi nitio n that uj^fA) > uj 0 (Ag) and, since a n (A) f 0, it follows that w® (H) 

below we see that uj^(A) = +oo may occur. 


In Example 


5.4 


Analogously to the spectral bound we now define the numerical spectral bound of A. 
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Definition 3.3. For a closed, densely defined operator ( A,D(A )) on a Banach space X the 
numerical spectral bound of A is 


s n (A) := sup{Re A : A e a n (A)}. 

Moreover, for 9 e [0, 2n) we define 

s n(^) -= s n(Ag), 

the numerical spectral bound of Ag. 

In the following proposition we prove for a generator (A,D(A)) the equality between s°(A) and 

<(A). 

Proposition 3.4. Let (A, D(A)) be a closed and densely defined operator on a Banach space X 
and (T 0 (f)) t > 0 be the semigroup generated by A. Then 

s° n (A) = } w°(A) = } supy log||T 0 (t)|| ( = } Jim V l°g 1120 (^) 11 - 
t >0 t t \0 t 

Proof. The inequality (1) holds by definition and the equivalences in Theorem 0 
From ||T 0 (f)|] < e tu ^ A) for all t > 0 we obtain 

sup j log ||To(t)|| < w°(A). 

£>0 t 

On the other hand, assume that p := sup t>0 \ log||T 0 (f)|] < oj®(A) and take <j) e (p,uj^(A)), i.e., for 
all t > 0 we have 


^ log ||T 0 (f)|| <<?!>. (*) 

Since <j> < w°(A), there exists t > 0 such that ||To(t)|| > e^ 4 . Therefore 

~ l°g I l^o (i) 11 > <t>, 

contradicting the inequality 0 . 


Showing the third equality, we suppose without loss of generality that, w°(A) = 0, i.e., ||To(f)|| ^ 1 
for all t > 0. By the semigroup property, the map t < —» ||To(t)|| is monotonically decreasing and 
so is the map t > — * \ log||To(f)||. Hence, 


limi lo g||T 0 (t)|| = sup ^ log ||To(f)||. 
‘^0 t t >0 t 


Compare the above equalities to 


s(H) < w 0 (H) = inf 7 log ||Tb(i)|| = lira j log||T 0 (f)|| 

t>0 t t-xx f. 


from (7) IV.2.2]. Combining this with Proposition 3.4 we obtain 

s(H) < w 0 (A) < s°(A) = uj°(A). 


□ 


Definition 3.5. For a bounded operator A on a Banach space X, the numerical radius of A is 

r n (A) := sup{|A| : A e a n (A)}. 


From Proposition 2.4 we conclude that r(A) < r n (A). Moreover, using Proposition 3.4 we obtain 

r n (A) = sup J n (A) = sup s e n (A). 

0e[O,27r) 0e[O,27r) 





4 Applications 

Our concept of numerical spectrum allows to generalize the main result in m from Hilbert to 
Banach spaces. 

Theorem 4.1. Let (T(t)) t >o be a Co-semigroup with generator (A, D(A)). The following are 
equivalent. 

(a) There exists e > 0 such that ]|T(£)|] < e~ te for all t > 0. i.e., a n (A) £ C_ e . 

(b) There exists e > 0 such that Re (Ax,j(x)) < -e]M| 2 for all x e D(A) and j{x) e 3 ( 2 ;) ■ 

Proof, {[a]) =>• ^ : By assumption, the Co-semigroup (e te T(t))t> o is a contraction semigroup. 
Hence Re ((A - e)x,j(x)) < 0 for all x e D(A) and j(x) e 3(A)- Thus, 

R e(Ax,j(x)) < —e||rc || 2 


for all x e D{A) and j(x) e 3 ( 2 ;). 

@ =► @ : There exists M > 1 and u> € ffi. such that |]T(£)]| < Me tu> for all t > 0. By the assumption, 
(A + e, D(A)) is dissipative and A e p(A) for all A > oj. By the Lumer-Phillips Theorem [7J Theorem 
II.3.15] we obtain ||T(£)|| < e~ t€ for all t > 0 and the assertion follows. □ 

In the next proposition we extend Hildebrandt’s Theorem [H Thm. 6.3], HU Thm. 2.4] to 
bounded operators on Banach spaces. It yields the convex hull of the spectrum cr(A) by varying 
the norm of the space X. For this purpose we use the following notation. 

Let A e C(X). We write eA(H) to indicate that the numerical spectrum is computed with respect 
to ]| • ||. Clearly, the numerical spectrum changes when we switch to a different, but equivalent 
norm on X. 

Proposition 4.2. If A is a bounded operator on a Banach space X with norm || • ||jv, then 

co (cr(Al)) = P|{crj^(H) : || • || equivalent to || • ||x}- 

Proof. Since cr(A) is independent of the chosen norm and always contained in the (convex) nu¬ 
merical spectrum, the inclusion ” £ ” is obvious. 

To show the converse inclusion it suffices to consider Ag for 0 = 0. Since A 0 is bounded, its spectral 
and growth bound coincide, i.e., s(Ho) = wo(Ho). For every w > s(Ho) there exists M > 1 such 
that 

||e* Ao || < Me tu for f > 0. 

We define an equivalent norm by 

|||a;||| := sup ||e~ ta V A °ir|| for itl. 
t> o 

For this norm we obtain 

]|]e tj 4 °a;||| < e tw |||x||| for t > 0 , x € X , 

which implies Ao) < w on the Banach space (X, ||| • |||). Since this holds for all u> > s(Xo), we 
conclude 

s(H 0 ) = inf{s° (H 0 ) : || • |] equivalent to || • |A). 

The standard rotation argument for 9 e [0,27r) finishes the proof. □ 

5 Examples 

We now discuss various examples for the numerical spectrum. The Schur decomposition theo¬ 
rem, see m , guarantees that any square matrix transformed by unitary similarity into an upper 
triangular form. So we start with upper triangular matrices. 
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Example 5.1. Let X := C 2 be endowed with || • || p , 1 < p < oo and A : 

A straightforward calculation using the generated semigroup 
spectrum of A is a closed disk centered at 0 with numerical radius 



shows that the numerical 
t>o 


{ 1 for p = 1, oo 

()( 1_ ^)(p)^ for 1 < p < oo. 


Example 5.2. Let X := C 2 be endowed with || ■ ||i and consider A := 
semigroup is given by 


(; a)- 


T(t) = 


=“-(o W X ] ) 


By Proposition 3.4 for 9 = 0 we have 


,t> 0. 


Then the generated 


S °(A) = u,°(A) = lim - log||T(f)|| 

t\u z 


lim iog|ir(t)||-iog|ir(0)|| 

t \o t 


dt 


log||T(t)]| 


= 1 . 


t =o 


Then we have a n {A) £ {z 6 C : Re 2 < 1}. To determine exactly the location of the n umer ical 

<2 l) 


spectrum, consider the upper triangular matrix A + Id = 
has a n (A) = -1 + a n (B). 


0 0 


=: B. From Proposition 


2.3 


one 


For x := ( < ' 1 S ^ ) with ]|x|]i = 1 and j(x ) := (®_ iv ) with ||j(a:)||oo = 1 for s € [0,1] and 9,ip e [0, 27 t) 
one has ||x||i = ||j(aj)||oo = {x,<p) ~ 1 an d for s e [0,1] 


(Bx,j(x)) = 


Then a n (B) = {2+s(-2+e l( - ,p ^ e ' > ) : s € [0,1], 9, ip e [0, 2n)}. Since the set {-2+e l( ' ip ~ e ' > : 9, ip e [0,27r)} 
is a circle with center at (-2,0) and radius 1, the multiplication with s € [0,1] gives us all the 
lines from 0 to the circle as in Figure (a). 

Since the numerical spectrum is convex, a n (B) is a circular cone with vertex at 0. By shifting the 
numerical spectrum of a n (B) by 1 to the left, one obtains the numerical spectrum of A. 



5.1 Translation semigroups 

In the next example we see that for unbounded operators A the spectrum cr(A) is not always 
contained in W(A), while it is contained in <r n (A). 

Example 5.3. Consider (T(t)) t >o the right translation semigroup of isometries on the Hilbert 
space H = L 2 (K + ) with generator Af = -/' on the domain 

D{A) :={/elT(R + ):/(0) = 0). 

Clearly, the operator A is dissipative, and hence cr(A) c C_Q The left translation semigroup 
(S(t)) t > o is generated by the adjoint A' of A where A'f = /' on the domain D(A') = 1L 1 (K + ). 

1 In the following, C- denotes the closed left half plane, i.e., C- := {A e C : Re A < 0}. 
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(a) o n (B) on (C 2 , 



Figure 2 


Since for each A e C with Re A < 0 the function e\(t) := e xt is an eigenfunction of A' to the 
eigenvalue A and since a p (A') - a r (A), we obtain that cr(A) = C_. From |f7, P- 175] we know 
that the numerical range is W(A) = while it follows from Theorem |2.5| and from Proposition 


2.4 that cr n (A) = C_ 


We now present an example showing that a n (A) = C is possible. 


Example 5.4. Define the left translation semigroup (T(t)) t >o with a jump on 
X := I/ 1 [- 1, +oo) by 


(T(t)f)(s) 


2 f(s + t) if s s \-t, 0], 
f(s + t ) otherwise. 


Clearly, ||T(t)|| < 2 for each t > 0. If l[o,i] denotes the characteristic function of the interval 
[0,f] for t > 0, then we have |]T(t)l[ 0j4 ]|] = 2||11 [ 0 ,t]II- Therefore, (T(t)) t > 0 is a strongly continuous 
semigroup satisfying 

||T(t)|| = 2 for every t > 0. (1) 


In particular, the spectrum cr(A) of the generator (A,IA(A)) is contained in the left half plane 
C_, see [7] Prop. IV.2.2]. On the other hand, a simple calculation proves that for Re A < 0 the 
function 


/aO) 


2e As if s 6 [-1,0], 
e Xs otherwise, 


is an eigenfunction of A showing that C_ £ c(Al), and hence a(A) = C_. 

From 0 we conclude that there is nowel such that ||T(t)|| < e tul for each t > 0. 

Further, there is no 6 € [0,27r) such that Ag generates an w-contractive Co-semigroup for any 
io € K: 


• The case 9 = 0 is excluded as ||T(i)|| = 2 for all t > 0. 

• Let 9 = tv. Since C_ £ ^(A), we have C+ £ a(-A), hence A„ = -A is not the generator of a 
Co-semigroup. 

• Assume that there exists 9 e (0,7r) u (7t,27t) such that Ag generates an w-contractive Co¬ 
semigroup (T(t)) t > o- Then a n (A) £ {e~ l6 X : Re A < w). However, since c cr(A) £ a n (A), 
this is not possible. 

Hence there exists no (9,oj) e [0, 27 t) x R such that Ag generates an w-contractive semigroup. It 
follows that a n (A) = C. 


5.2 Multiplication operators 

We show that the numerical spectrum of multiplication operators induced by a function q coincides 
with the closed convex hull of the spectrum. 
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Proposition 5.5. Let PL be a locally compact space, X := Cq(PL), and q : PL -*■ C a continuous 
function. For the multiplication operator (M q , D(M q )) with 


D(M q ):={feX:q-feX}, 

Mqf := q-f for all f e D(M q ), 


we have 

a n (M q ) = co{q(PL)}. 


Proof. 2: Since by [7j Prop. 1.4.2] and Proposition 
is convex, we obtain 


2.10 




co{g(fi)} £ a n (M q ). 


cr(M q ') £ o n {M q ) and since a n (M q ) 


£: Take A € C \co{q(Pl)}. Then there exists a closed half plane Hg u 2 co{g(fl)} such that A £ Hg^. 
It is clear that d(X,q(PL)) > d(X,8Hg tU1 ), and for z £ Hg^ one has 


\\R(z,Mq)\\ = ||(z-M g ) 1 ]| = =sup 


sef2 


i 


z-q(s) 

1 


d(z,q(Cl)) d(z,q(PL)) d(z, dH e uj )' 


Thus, for all z € C\Hg^ c p(M q ) one has ||i?(z,M g )|| < d(z g Hg ^ ■ 

Hence A e p n (M q ). □ 

An analogous result holds for multiplication operators on L' p (PL, p) for 1 < p < oo. 

Proposition 5.6. Let (PL,T,,p) be a a-finite measure space, X := L P (PL, p),l < p < oo, and 
q ■ PL -*■ C a measurable function. For the multiplication operator (M q , D(M q )) with 


D{M q ) := {/ e L p ( Q, p):q-f 6 L P {PL, p)}, 
Mq f :=q- f for all f e D(M q ), 


we have 

where 


cr n (M q ) = co{q 

ess m 


q ess (PL) := {A € C : /i({s € H : |<?(s) - A| < e}) f 0 for all e > 0} 
is the essential range of q. 


Proof. 2 : We know that a(M q ) = q ess (PL), see (7J Proposition 1.4.10]. By Proposition 2.4 and 
Proposition 2.3 we have cb{q ess (fl)} £ a n (M q ). 

£: Take A e C\cb{q ess (H)}. Then there exists an open half plane Hg u such that 

cb{<7ess(A2)} £ C \Hg :UJ and e~ l8 Hg )W = C u . It follows that cr(M q ) £ {A e C : ReA < w}. Take 

/ e L P (PL, p) and A e Hg Then 

\R(e- w \,M e q )f\\ p = \\R(X,M q )f\\ p = 


1 /’ 


A ~q 


[ 
J n 


/(g) 
n | A - q(s) 

1 

(d(\, q m) p 


ds. 


Il/P< 


(d(X,dHg^)) p 


ll/P- 


Thus 


and hence A e p n {M q ). 


\\R(X,M q )\\< 


d(X,dHg tU1 ) 


VA 6 Hg, 


□ 
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5.3 Laplace operator 

Example 5.7. Consider the Laplace operator A / = /" on the Hilbert space H := L 2 (0,2tt ) with 
domain 

D ( A) := {/ 6 H 2 { 0,2tt) : /(0) = /(2tt) = 0). 

It follows from [3] Ex. 4.6.1] that the spectrum consists only of eigenvalues given by cr(A) = {-n 2 : 
n € N,n > 1). The eigenfunction corresponding to the eigenvalue -n 2 is given by /„( x) = sin(nir). 
Since A is a self-adjoint operator, by the spectral theorem there exists a er-finite measure space 
(fl,E,/.z) and a function q ■ H -*■ ffi. such that A is unitarily equivalent to a multiplication operator 
M q . Since ct(a) = a(M q ) = q ess ( H) by j7j Prop. 1.4.10] and co{g ess (fl)} = a n (M q ) by the previous 
proposition, we conclude that 

0-n( A ) = CTn(M q ) = (-OO, -1], 


5.4 More examples 

We now investigate the description of a n (A) in Theorem |2.5| more closely. 

(1) If a n (A) = C, then cr r (A ) is needed to obtain a n (A) in general. We give an example where 
cd{(Ax,j(x)): x e D(A), ||x|| = l,j(x) e 3(a;)} is a strip, while a n (A) = C. 


Example 5.8. Consider the Hilbert space H := L 2 ( R + ) ffi L 2 (R + ) and define the generator 
( A , D{A)) by A := B + C and D(A) := D(B) ffi D(B ), where Bf := -/', Cf := -(Id + B)f 
and 


D(B):={f€H 1 (R + ):f( 0) = 0). 


From Example 5.3 we know that cr r (B) = {A e C : Re A < 0} and 


{(Bf,f):fzD(B), ||/|| = 1 } = *. 

Further, a r (C) = {A € C : Re A > -1} and {( Cf,f) : / e D(C),\\f\\ = 1} = -Id + zM. Thus 
cd{(Af,f) : / € D(A) 1 1|/|| = 1} is the strip between -Id+iM. and zK, while the numerical 
spectrum is a n (A) = C. 


In the following assume a n (A) ^ C. 

(2) If cd{(Ax, j(x)) ■ x e D(A), ||a;|| = 1, j(a:) e jj(a;)} is contained in a strip, then <r r (A) is needed 
in general, see Example |5.3[ 

(3) Assume that M cd{(Ax,j(x )) : x 6 U(A),||x|| = 1 ,j(x) e 3(^)} cannot be enclosed by a 

strip. Then W{(Ax,j(x)) : x e I?(A),||a;|| = 1 ,j(x) e 3(a;)} coincides with a n (A), and hence 
a r (A ) is not needed to compute <J n (A ). 

Proof. For A £ M there exists a closed half plane H such that M c H and A £ H. Assume 
that A e cr r (A). By [7] Prop. II.3.14.(ii)] we obtain 

C\Hc<r r (A). (2) 

Consider the family (Hf)^ of closed half planes containing M. For each i,j e I we have 

(C \Hi) n (C \Hj) * 0, 

since cdAI cannot be enclosed by a strip. In particular, 

(C \H) n ( C\Hi ) t 0 for all z € /, 

and hence using ([2]) 

( C\Hi ) n a r (A) + 0 for all z e I. 

Again by |7| Prop. II.3.14.(ii)] we obtain that 


C \Hi £ a r (A) for all i el 

leading to C \M £ <r r (A). Hence, a n (A) = C contradicting our assumption cr n (A) t 0. □ 
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Figure 3 


(4) Let co{(Ax,j(x)) : x € _D(A), ||a;|| = l,j(x) e 3(a;)} be contained in a half strip described 
by three half planes Hi, H 2 and H 3 . A half plane argument as in (3) implies cr„(A) = 
co{(Ax, j(x )): x e D(A),||a;|| = l,j(x) e3(x)}. 

Finally we ask the following open question: 

Is there an operator ( A,D{A )) such that co{(Ax,j(x )) : x e D(A),||x|| = 1 ,j(x) € 3(e) } is 
(contained in) a sector Y,s +z and a n (A) = C? 

Acknowledgments 

The authors thank Prof. Rainer Nagel for many valuable discussions and remarks. 


References 

[1] Bauer F. L., On the field of values subordinate to a norm. Numer. Math. 4 (1962), 103-113. 

[2] Bollobas B., On the numerical range of an operator. Stochastic Analysis (1973), 374-386. 

[3] Bollobas B. and Eldridge S. E., The numerical ranges of unbounded linear operators. Bull. 
Austral. Math. Soc. 12 (1975), 23-25. 

[4] Crabb M. J. ; The numerical range of an unbounded operator. Proc. Amer. Math. Soc. 55 
(1976), 95-96. 

[5] Davies E. B., Spectral Theory and Differential Operators. Cambridge University Press, 
(1995). 

[6] Donoghue W. F., On the numerical range of a bounded operator. Michigan Math. J. 4 (1957), 
261-263. 

[7] Engel K. J. and Nagel R., One Parameter Semigroups for Linear Evolution Equations. 

Springer, New York, (2000). 

[8] Giles J. R. and Joseph G., The numerical range of unbounded operator. Bull. Austral. Math. 
Soc. II (1974), 31-36. 

[9] Gustafson K. E., The Toeplitz-Hausdorff theorem for linear operators. Proc. Amer. Math. 
Soc. 25 (1970), 203-204. 

[10] Gustafson K. E. and Rao D. K. M., Numerical Range. Springer-Verlag, New York, (1997). 

[11] HausdorfFF., Der Wertvorrat einer Bilinearform. Math. Z. 3 (1919), 314-316. 

[12] Hildebrandt S., Uber den numerischen Wertebereich eines Operators. Math. Ann. 163 (1966), 
230-247. 


14 


















[13] Kubrusly C. S. and Levan N., On exponential stability of contraction semigroups. Semigroup. 
Forum 83 (2011), 513-521. 

[14] Lumer G., Semi-inner-product spaces. Trans. Amer. Math. Soc. 100 (1961), 29-43. 

[15] Stone M. H., Linear Transformations in Hilbert Space and their Applications to 
Analysis. American Mathematical Society, Providence, (1932). 

[16] Toeplitz O., Das algebraische Analogon zu einem Satze von Fejer. Math. Z. 2 (1-2) (1918), 
187-197. 

[17] Trefethen, Lloyd N. and Embree M., Spectra and pseudospectra. The behaivor of 
nonnormal matrices and operators. Princeton University Press, Princeton, NJ, (2005). 

[18] Numerical Range Notes. 

http://www.mth.msu.edu/~shapiro/pubvit/downloads/numrangenotes/numrange_ 
notes.pdf 

accessed on 2013-12-15. 

[19] Zhang F., The Schur complement and its applications. Numerical Methods and Algo¬ 
rithms, 4. Springer-Verlag, New York, (2005). 


15 


